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All spaces are assumed to be Tychonoff. A space X is called projectively P (where P is
a topological property) if every continuous second countable image of X is P . Character-
izations of projectively Menger spaces X in terms of continuous mappings f : X → Rω ,
of Menger base property with respect to separable pseudometrics and a selection prin-
ciple restricted to countable covers by cozero sets are given. If all ﬁnite powers of X
are projectively Menger, then all countable subspaces of Cp(X) have countable fan tight-
ness. The class of projectively Menger spaces contains all Menger spaces as well as all
σ -pseudocompact spaces, and all spaces of cardinality less than d. Projective versions
of Hurewicz, Rothberger and other selection principles satisfy properties similar to the
properties of projectively Menger spaces, as well as some speciﬁc properties. Thus, X is
projectively Hurewicz iff Cp(X) has the Monotonic Sequence Selection Property in the
sense of Scheepers; βX is Rothberger iff X is pseudocompact and projectively Rothberger.
Embeddability of the countable fan space Vω into Cp(X) or Cp(X,2) is characterized in
terms of projective properties of X .
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1. Introduction
With just one exception (Section 8.1), by a space we mean a Tychonoff topological space. We follow the idea of char-
acterization of properties of spaces by properties of their continuous images [31,7,11,9]. Let P be a topological property.
A.V. Arhangelskii calls X projectively P if every second countable image of X is P . Thus, for example, projective compact-
ness is equivalent to pseudocompactness. Arhangelskii considered projective P for P = σ -compact, analytic [9], countable
(see [8], under the name ω-simple), and also for Cˇech-complete, but in that case the mappings were supposed to be open
([7], see also Tkachuk’s paper [62]), and for π -character, in which case the mapping were supposed to be onto compacta
of weight  ω1 [10]. In this paper we consider projective versions of the Menger, Hurewicz, Rothberger and some other
selection principles. When the work on this paper was already in progress, the authors learned about earlier work of
Kocˇinac [34]. Now we mention the results of Kocˇinac in many places throughout the paper.
Recall that a space X is Menger if for every sequence (Un: n ∈ N) of open covers of X , one can select ﬁnite subfamilies
An ⊂ Un such that ⋃{An: n ∈ N} covers X . (In another terminology, the Menger property is called Hurewicz [6]; here we
follow the terminology of [55] where the name Hurewicz is used for another property.)
Originally, the Menger property was considered for second countable spaces, and several characterizations of this prop-
erty were found. The idea of this paper is to extend some conditions equivalent to the Menger property for second countable
spaces to all Tychonoff spaces. It turns out that this extension is equivalent to the projective Menger property.
Another viewpoint to the projective Menger property is the restriction from all open covers to countable covers by cozero
sets (here we have a parallel with pseudocompactness: a space is pseudocompact iff every countable cover by cozero sets
contains a ﬁnite subcover [15]). This approach is not quite new: the restriction of Menger-style properties to uniform covers
was considered in [33], and the restriction to covers of topological groups by translates of a neighborhood of unity in [14]
and other papers (see [42] for more references).
The paper is organized as follows. In Section 3, ﬁrst, we consider the conditions equivalent to the projective Menger
property. Then we consider some properties of projectively Menger spaces and note that if all ﬁnite powers of X are
projectively Menger, then all countable subspaces of Cp(X) have countable fan tightness.
In Sections 4–6 we discuss Hurewicz and other selection principles. Thus, for example, it turns out that X is projectively
Hurewicz iff Cp(X) has the Monotonic Sequence Selection Property in the sense of Scheepers [52]; βX is Rothberger iff X
is pseudocompact and projectively Rothberger.
In Sections 7 and 9 we interpret some known facts about αi properties and property AP of Cp(X) in terms of projective
properties of X . In Section 8 we characterize (non)embeddability of the countable fan space Vω into Cp(X) in terms of
projective properties of X .
2. Terminology
In general, we follow [24] and [8]. I = [0,1] is the unit interval. 0, 1 : X → R are the functions constantly equal to 0
and 1. For F ⊂ X , χF : X → 2 is the function that equals 1 on F and 0 on X \ F .
A family U of subsets of a set X is called an ω-cover of X if X /∈ U and for every ﬁnite F ⊂ X there is U ∈ U such that
F ⊂ U ; U is a γ -cover if U is inﬁnite and every x ∈ X is contained in all but ﬁnitely many elements of U . The families of
all open covers, of all open ω-covers and of all open γ -covers are denoted by O, Ω and Γ , respectively. We use cz and cl
to denote the restriction to countable covers by cozero sets and by clopen sets, respectively; thus for example Γcz denotes
the family of all countable γ -covers by cozero sets.
A space X is Menger if for every sequence (Un: n ∈ ω) of open covers of X one can pick ﬁnite subfamilies Fn ⊂ Un so
that
⋃⋃{Fn: n ∈ ω} = X . In general, if A and B are two classes of covers, then X satisﬁes the selection principle Sﬁn(A,B)
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Thus X is Menger if it satisﬁes Sﬁn(O,O). A space X is Hurewicz if for every sequence (Un: n ∈ ω) of open covers of X one
can pick ﬁnite subfamilies Fn ⊂ Un so that for every x ∈ X , x ∈⋃Fn for all but ﬁnitely many n. A space X is Rothberger
if for every sequence (Un: n ∈ ω) of open covers of X one can pick Un ∈ Un so that ⋃{Un: n ∈ ω} = X . In general, if
A and B are two classes of covers, then X satisﬁes the selection principle S1(A,B) if for every sequence (Un: n ∈ ω) of
elements of A one can pick elements Un ∈ Un so that {Un: n ∈ ω} ∈ B [55]. Thus X is Rothberger if X satisﬁes S1(O,O).
A space X has the property (∗) of Gerlits and Nagy [28] if for each sequence (Un: n ∈ ω) of open covers of X there is a
partition X =⋃{Xn: n ∈ ω} such that for each n and m there are k and l such that m < k < l and there are Ui ∈ Ui , k i  l
such that Xn ⊂⋃{Ui: k  i  l}. A space X satisﬁes the property (γ ) [28] if for every open ω-cover U of X one can pick
Un ∈ U so that every x ∈ X is contained in all but ﬁnitely many Un . Property (γ ) is equivalent [27] to the following formally
stronger property (γ1): for every sequence of (Un: n ∈ N) of open ω-covers of X one can pick Un ∈ Un so that every x ∈ X
is contained in all but ﬁnitely many Un . Property (γ ) implies property (∗) [28].
X is called an -space if all ﬁnite powers of X are Lindelöf [28]. A space X is scattered if for every nonempty A ⊂ X
there is a ∈ A which is isolated in A. X is called a σ -space if every Fσ -set in X is a Gδ-set [37].
A subset F ⊂ ωω is bounded if there is a g ∈ ωω such that for every f ∈ F , f (n)  g(n) for all but ﬁnitely many n. A
subset G ⊂ ωω is dominating if for every f ∈ ωω there is a g ∈ G such that f (n) g(n) for all but ﬁnitely many n. The same
notions make sense for subsets F ⊂ Rω . The minimum cardinalities of an unbounded subset and of a dominating subset in
ωω are denoted by b and d, respectively. p is the minimum cardinality of a family F of subsets of ω such that (1) every
ﬁnite subfamily of F has nonempty intersection, and (2) there is no inﬁnite G ⊂ ω such that for every F ∈F , G \ F is ﬁnite.
M is the family of all meager subsets of R. The minimum of cardinalities of subfamilies of M covering R is denoted by
cov(M); the minimum of cardinalities of subfamilies A ⊂ M such that ⋃A /∈ M is denoted by add(M). It was proved in
[43] that add(M) =min{b, cov(M)}.
For a topological property K, non(K) denotes the minimum cardinality of a subspace of R that does not have property K.
Then non(Menger) = d, non(Hurewicz) = b, non(Rothberger) = cov(M), non((∗)) = add(M), non((γ )) = p (see [44,32,52]).
A space X has countable fan tightness if for every x ∈ X and every An ⊂ X (n ∈ N), if x ∈ An for all n ∈ N, then there are
ﬁnite Fn ⊂ An such that x ∈⋃{Fn: n ∈ N}. A space X has countable strong fan tightness [51] if for every x ∈ X and every
An ⊂ Y (n ∈ N), if x ∈ An for all n ∈ N, then there are an ∈ An such that x ∈ {an: n ∈ N}. A space X is weakly Fréchet [53]
(another terminology: X has the Reznichenko property) if whenever x ∈ A \ A there are pairwise disjoint ﬁnite subsets Fn ⊂ A
such that every neighborhood of x intersects all but ﬁnitely many Fn . A space X is weakly Fréchet in the strict sense [53] if
whenever x ∈ An for all n ∈ ω, there are ﬁnite subsets Fn ⊂ An such that every neighborhood of x intersects all but ﬁnitely
many Fn . A space X is strictly Fréchet [53] if whenever An ⊂ X and x ∈ An for all n ∈ ω, one can pick xn ∈ An so that the
sequence (xn: n ∈ ω) converges to x.
The countable fan space is Vω = (ω × ω) ∪ {p} where p /∈ ω × ω topologized by declaring the points of ω × ω isolated
while a basic neighborhood of p takes the form U f (p) = {p} ∪ {〈m,n〉 ∈ ω ×ω: n > f (m) for all m ∈ ω} where f ∈ ωω .
3. The Menger property
3.1. Equivalent conditions
Theorem 1. (Hurewicz [31])
(1) A second countable space X is Menger iff for every continuous mapping f : X → Rω , f (X) is not dominating.
(2) A zero-dimensional second countable space X is Menger iff for every continuous mapping f : X → ωω , f (X) is not dominating.
“Second countable” can be extended to “Lindelöf”:
Theorem 2.
(1) (Kocˇinac [34], Theorem 2) A Lindelöf space X is Menger iff for every continuous mapping f : X → Rω , f (X) is not dominating.
(2) A Lindelöf zero-dimensional space X is Menger iff for every continuous mapping f : X → ωω , f (X) is not dominating.
We give the proof of part (2) for completeness of the exposition. Necessity follows from part (1). To prove suﬃciency,
let (Un: n ∈ ω) be a sequence of open covers of X . Since X is Lindelöf and zero-dimensional there are (of course countable)
partitions Pn of X into clopen sets such that Pn reﬁnes Un . Enumerate Pn = {Pn,m: m ∈ ω}. For x ∈ X and n ∈ ω, put
fn(x) = m if x ∈ Pn,m . Then fn is a continuous function from X to ω. Put f =∏n∈ω fn . Then f is a continuous function
from X to ωω . Then f (X) is not dominating in ωω and thus there is f ∗ ∈ ωω such that (∗) for every x ∈ X , f ∗(n) > fx(n)
for inﬁnitely many n. For n ∈ ω, put Wn = {Pn,m: 0m  f ∗(n)}. For each W ∈ Wn , pick V (W ) ∈ Un so that V (W ) ⊃ W .
Put Vn = {V (W ): W ∈ Wn}. Then Vn is a ﬁnite subfamily of Un and ⋃{Vn: n ∈ ω} = X . Indeed, if x ∈ X , then by (∗) there
is n(x) ∈ ω such that f ∗(n(x)) > f (x)(n(x)). Then x ∈ Pn(x), fn(x)(n(x)) ∈Wn(x) and thus x ∈
⋃Wn(x) ⊂⋃Vn(x) ⊂⋃{Vn: n ∈ ω}.
Recall that a metric space (X,d) satisﬁes the Menger base property [44] iff for every base B, one can pick Bn ∈ B for n ∈ N
so that limn→∞ diam(Bn) = 0 and {Bn: n ∈ N} covers X .
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metric, or, equivalently, with respect to every metric).
We will always assume pseudometrics to be continuous; this is equivalent to the inclusion Td ⊂ T where Td is the
topology generated by the pseudometric d, and T is the original topology of the space.
Deﬁnition 4. Say that a pseudometric d on a space X is separable if there is a countable D ⊂ X such that for every x ∈ X
and for every ε > 0, there is a d ∈ D such that d(x,d) < ε.
Deﬁnition 5. Say that a pseudometric d on a space X satisﬁes the Menger base property if for every base B of the topology
Td generated on X by d, one can pick Bn ∈ B for n ∈ N so that limn→∞ diam(Bn) = 0 and {Bn: n ∈ N} covers X .
Theorem 6. The following conditions are equivalent for a space X:
(1) X is projectively Menger.
(1′) Every Lindelöf continuous image of X is Menger.
(1′′) For every continuous mapping f : X → Rω , f (X) is Menger.
(2) For every continuous mapping f : X → Rω , f (X) is not dominating,
(3) Every separable pseudometric on X satisﬁes the Menger base property.
(4) For every sequence (Un: n ∈ N) of countable covers of X by cozero sets, one can select ﬁnite subfamilies An ⊂ Un such that⋃{An: n ∈ N} covers X.
Proof. (1′) ⇒ (1) ⇒ (1′′) is obvious.
(1′′) ⇒ (1) follows from the fact that every second countable space can be embedded into Rω (or, alternatively, from
the implications (1′′) ⇒ (4) ⇒ (1′) that are proved below).
(1′′) ⇒ (4) Let (Un: n ∈ N) be a sequence of countable covers of X by cozero sets. For every n ∈ N and every U ∈ Un ,
ﬁx a continuous function fU : X → R such that U = f −1U (R \ {0}). Put f =
∏{ fU : U ∈ Un,n ∈ N}. Then f is a continuous
mapping from X to Rω , and thus by (1′′), Y = f (X) is Menger. Put Vn = { f (U ): U ∈ Un}. Then Vn is an open cover of Y .
Since Y is Menger, there are ﬁnite subfamilies Hn ⊂ Vn such that ⋃{Hn: n ∈ N} covers Y . Put Fn = { f −1(H): H ∈ Hn}.
Then Fn is a ﬁnite subfamily of Un , and
⋃{Fn: n ∈ N} covers X .
(4) ⇒ (1′) Let f : X → Y be continuous mapping from X onto a Lindelöf space Y , and let (Un: n ∈ N) be a sequence
of open covers of Y . Since Y is Tychonoff, there is a reﬁnement Vn of Un that covers Y and consists of cozero sets. Since
Y is Lindelöf, there is a countable subcover Wn ⊂ Vn . Put On = { f −1(W ): W ∈ Wn}. Then On is a countable cover of X
by cozero sets. By (4), there are ﬁnite subfamilies Hn ⊂ On such that ⋃{Hn: n ∈ N} covers X . For every n ∈ N and every
H ∈Hn , pick UH ∈ Un such that UH ⊃ f (H). Put Fn = {UH : H ∈Hn}. Then Fn is a ﬁnite subfamily of Un , and ⋃{Fn: n ∈ N}
covers Y . This proves that Y is Menger.
(1) ⇔ (2) follows from Theorem 2.
(1) ⇒ (3) Let d be a separable pseudometric on X . For x, y ∈ X , put x ∼ y iff d(x, y) = 0. For x ∈ X , x˜ is the class
of equivalence of x with respect to ∼; X˜ = X/∼; π : X → X˜ is the quotient mapping; d˜ is the metric on X˜ deﬁned by
d˜(˜x, y˜) = d(x, y). Then ( X˜, d˜) is a separable metric space. By (1), ( X˜, d˜) is Menger, and thus by Theorem 3, ( X˜, d˜) satisﬁes
the Menger base property. Then X satisﬁes the Menger base property with respect to d.
(3) ⇒ (1) Let f : X → Y be a continuous mapping from X onto a second countable space Y . Let dY be a metric on Y .
For x, z ∈ X , put d(x, z) = dY ( f (x), f (z)). Then d is a separable pseudometric on X . By (3), X satisﬁes the Menger base
property with respect to d, and thus Y satisﬁes the Menger base property with respect to dY . It follows from Theorem 3
that Y is Menger. 
It may be worth to note that Rω in condition (1′′) in Theorem 6 cannot be replaced with just R (below we will see that
for the Rothberger property, the situation is different).
Example 7. There is a second countable space X such that X is not Menger (hence not projectively Menger), but for every
continuous function f : X → R, f (X) is Menger.
Put P = {〈x,0〉 ∈ R2: x is irrational}. For p ∈ P denote by I p the interval from 〈0,1〉 to p. Put X =⋃{I p: p ∈ P } ⊂ R2.
Then X is not Menger since it contains a closed copy of the Irrationals. However, for every continuous f : X → R, f (X) is
connected, hence σ -compact, hence Menger.
3.2. Some properties
The following are immediate corollaries of Theorem 6.
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(1) ([34]) A space is Menger iff it is Lindelöf and projectively Menger.
(2) Every σ -pseudocompact space is projectively Menger.
(3) Every space of cardinality less than d is projectively Menger.
(4) The projective Menger property is preserved by continuous images and by countable unions.
It is well known that the Menger property is not ﬁnitely productive even for second countable spaces (see [32]). It
follows that the projective Menger property is not ﬁnitely productive.
Proposition 9. If X is projectively Menger, and Y is σ -compact, then X × Y is projectively Menger.
By Proposition 8(4) it is enough to consider the case when X is projectively Menger and Y is compact.
Lemma 10. Let X be an arbitrary space, Y a compact space, and let U be a countable cover of the product X × Y by cozero sets. Then
there is a countable cover V(U) = {VF : F ∈ [U ]<ω \ ∅} of X such that each VF is a cozero set, and VF × Y ⊂⋃F .
Proof. For every U ∈ U , ﬁx fU : X × Y → [0,1) such that U = f −1((0,1)). For a nonempty ﬁnite F ⊂ U and x ∈ X , put
gF (x) =min{max{ fU (x, y): U ∈F}: y ∈ Y }. It follows from compactness of Y that gF : X → [0,1) is a continuous function,
and for every x ∈ X , there is F such that gF (x) > 0. Put VF = g−1F ((0,1)). 
Proof of Proposition 9. Let (Un: n ∈ ω) be a sequence of countable covers of X ×Y by cozero sets. Then (V(Un): n ∈ ω) (see
Lemma 10) is a sequence of countable covers of X by cozero sets. Since X is projectively Menger, there are ﬁnite subfamilies
An ⊂ V(Un) such that ⋃{An: n ∈ ω} covers X . For n ∈ ω, put Bn =⋃{F : VF ∈ An}. Then Bn is a ﬁnite subfamily of Un ,
and
⋃{Bn: n ∈ ω} covers X × Y . 
A modiﬁcation of Example 3.10.19 in [24] shows that compactness in Proposition 9 cannot be replaced by countable
compactness or pseudocompactness.
Example 11. There are countably compact (hence projectively Menger) spaces X1 and X2 such that X1 × X2 is not projec-
tively Menger.
Indeed, let D be an uncountable discrete space. There are (see, for example [21]) countably compact subspaces X1, X2 ⊂
βD such that X1 ∩ X2 = D . Then X1 × X2 contains a clopen uncountable discrete subspace D × D , and thus X1 × X2 is not
projectively Menger.
Next, we observe that closed subspaces of projectively Menger spaces need not be projectively Menger. To see this we
need an auxiliary example which is in fact from [19]; following the referee’s suggestion we reproduce the construction here
in order to make the paper more self-contained.
Example 12. There is a Ψ -space X = ω ∪A such that X is not projectively Menger.
Indeed, let P be the space of irrational numbers, and E the restriction of the standard topology of R to P . Pick a dense
countable subspace D of (P ,E) and put A = P \D . For every a ∈ A, ﬁx a discrete subset Da ⊂ D such that clE (Da)\Da = {a}.
Consider the topology T on P in which the points of D are isolated and a basic neighborhood of a ∈ A takes the form
{a} ∪ (Da \ F ) where F is arbitrary ﬁnite set. Then T ⊃ E and thus the identity mapping i : (P ,T ) → (P ,E) is a continuous
bijection. Since (P ,E) is second countable and not Menger, (P ,T ) is not projectively Menger. But (P ,T ) can be treated as
a Ψ -space in which P , D , and A play the roles of X , ω, and A, respectively.
Example 13. There are a projectively Menger space Y and a subspace Z ⊂ Y which is both a zero-set and a regular closed
set in Y but is not projectively Menger.
Let X = ω∪A be a Ψ -space of cardinality c which is not projectively Menger (see Example 12). Further, let X ′ = ω′ ∪A′
be a pseudocompact (hence projectively Menger) Ψ -space of cardinality c. We assume that X ∩ X ′ = ∅. Let Y be the quotient
space of X ∪ X ′ obtained by any bijection from A onto A′ . Let q be the quotient mapping. Then the quotient space, call
it Y , is projectively Menger being the union of the countable family of projectively Menger spaces q(X ′) and q({n}), n ∈ ω.
Put Z = q(X). Then Z is a zero-set and a regular closed set in Y , but being homeomorphic to X , Z not projectively Menger.
Proposition 14. A C∗-embedded zero-set in a projectively Menger space is projectively Menger.
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Let (Un: n ∈ ω) be a sequence of countable covers of Z by cozero sets. For n ∈ ω and U ∈ Un , let U = f −1U ((0,1]) for some
continuous function fU : Z → I . Then there is a continuous function f˜U : X → I such that f˜U−1((0,1]) ∩ Z = U . Put U˜n =
{ f˜U−1((0,1]): U ∈ Un} ∪ { f −1((0,1])}. Then (U˜n: n ∈ ω) is a sequence of countable covers of X by cozero sets. Since X is
projectively Menger, there are ﬁnite subfamilies A˜n ⊂ U˜n such that ⋃⋃{A˜n: n ∈ ω} = X . Put An = {U : f˜U−1((0,1]) ∈ A˜n}.
Then An is a ﬁnite subfamily of Un , and
⋃⋃{An: n ∈ ω} = Z . 
Remark 15. “Zero-set” cannot be dropped in the statement of Proposition 14. Indeed, a discrete space D of cardinality  d
is C∗-embedded in βD . However, D is not projectively Menger.
Proposition 16. A cozero set in a projectively Menger space is projectively Menger.
Proof. Let X be projectively Menger, and let Z ⊂ X be a cozero set in X , Z = f −1((0,1]) for some continuous function
f : X → I . Then Z =⋃{Zn: n ∈ ω} where Zn = f −1((1/(n + 2),1]). Having a countable family of countable covers of Z
by cozero sets, enumerate it as (Un,k: n,k ∈ ω). Put U˜n,k = Un,k ∪ { f −1([0,1/(n + 1)))}. Let n ∈ ω. Then (U˜n,k: k ∈ ω)
is a sequence of countable covers of X by cozero sets. Since X is projectively Menger, there are ﬁnite subfamilies
A˜n,k ⊂ U˜n,k such that ⋃⋃{A˜n,k: k ∈ ω} = X . Put An,k = A˜n,k \ { f −1([0,1/(n + 1)))}. Then An,k is a ﬁnite subfamily
of Un,k , and
⋃{An,k: n,k ∈ ω} = Z . Indeed, let z ∈ Z . Then z ∈ Zn for some n. Further, z ∈⋃ A˜n+1,k for some k. Since
f −1([0,1/(n + 1)))∩ Zn = ∅, z ∈⋃An,k . 
3.3. The projective Menger property of ﬁnite powers
Here we will consider the projective variation of the following theorem of A.V. Arhangelskii:
Theorem 17. ([6], Theorem 2.2.2 in [8]) The following conditions are equivalent:
(1) All ﬁnite powers of X are Menger.
(2) Cp(X) has countable fan tightness.
Theorem 18. If all ﬁnite powers of X are projectively Menger, then all countable subspaces of Cp(X) have countable fan tightness.
Proof. Suppose the contrary. Let F be a countable subset of Cp(X) that does not have countable fan tightness. Consider
ϕ =∏ F : X → ϕ(X) ⊂ RF . Then X˜ = ϕ(X) is a second countable continuous image of X .
Let us note that F ⊂ ϕ#(Cp( X˜)). Indeed, if f ∈ F , then f = ϕ#( f˜ ) where f˜ ∈ Cp( X˜) is deﬁned by f˜ (ϕ(x)) = f (x) for
every x ∈ X . Put F˜ = (ϕ#)−1(F ). By [8], Proposition 0.4.6, ϕ# is an homeomorphism, so Cp( X˜) does not have countable fan
tightness, which fact is veriﬁed by the subspace F˜ . By Theorem 17, for some ﬁnite k, X˜k is not Menger. Since X˜k is the
continuous image of Xk via ϕk , we conclude that the assumption of Theorem 18 does not hold. 
Theorem 18 is a slight improvement of the following theorem of Valuyeva:
Theorem 19. ([65], Theorem 14) If for any ﬁnite k, and for every sequence (Un: n ∈ N) of countable open covers of Xk, one can pick
ﬁnite subfamilies Fn ⊂ Un such that⋃{Fn: n ∈ N} = Xk, then all countable subspaces of Cp(X) have countable fan tightness.
Unfortunately, Theorem 18 cannot be reversed. This fact follows from the following theorem by Arhangelskii:
Theorem 20. ([5], Proposition 5.3) If X is pseudocompact, then the natural restriction of continuous functions r : Cp(βX) → Cp(X)
(is a bijection and) has the following property: for every countable F ⊂ Cp(βX), r  F is an homeomorphism.
In particular, for a pseudocompact X , all countable subspaces of Cp(X) have countable fan tightness [5] by Theorem 17.
Theorem 20 can be partially reversed (and this is one more conﬁrmation of the general idea that projective properties
of X correspond to the properties of countable subspaces of Cp(X)):
Proposition 21. The following conditions are equivalent:
(1) Let r : Cp(βX, I) → Cp(X, I) denote the natural restriction of functions. (Then r is a bijection.) Then for every countable F ⊂
Cp(βX, I), r F is an homeomorphism.
(2) X is pseudocompact.
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(the sets Un are open in βX ). Pick x ∈ G and for n ∈ ω, pick a continuous function fn : βX → I such that fn(x) = 0 and
fn(βX \ Un) = {1}. Then F = { fn: n ∈ ω} is a countably inﬁnite discrete subspace of Cp(βX, I). On the other hand, the
sequence (r( fn): n ∈ ω) converges to the function on X constantly equal to 1. So r F is not an homeomorphism.
(2) ⇒ (1) like in Theorem 20. 
Of course, instead of “I” one can say “for every pseudocompact space Y ”.
Returning to the impossibility to reverse Theorem 18, let X1 and X2 be the spaces from Example 11 and let X be the
discrete sum of X1 and X2. Then X is pseudocompact, so all countable subsets of Cp(X) have countable fan tightness. On
the other hand, X2 is not projectively Menger.
It is worth to note that in particular situations the assumption of Theorem 18 can be restated.
Proposition 22. ([34]) For an -space X, the following properties are equivalent:
(1) all ﬁnite powers of X are Menger.
(2) For every continuous mapping f : X → Rω , all ﬁnite powers of f (X) are Menger.
Theorem 23. ([32], Theorem 3.9) The following conditions are equivalent:
(1) All ﬁnite powers of X are Menger.
(2) X has property Sﬁn(Ω,Ω).
Proposition 24. If all ﬁnite powers of X are projectively Menger, then X has property Sﬁn(Ωcz,Ωcz).
Proof. Having a sequence of ω-covers of X by cozero sets, enumerate it as (Un,m: n,m ∈ ω). We must ﬁnd ﬁnite Fn,m ⊂ Un,m
such that
⋃{Fn,m: n,m ∈ ω} is an ω-cover of X . Fix n. Put Vn,m = {Un: U ∈ Un,m}. Then Vn,m is a countable cover of Xn by
cozero sets. Since X is projectively Menger one can pick for each m a ﬁnite Hn,m ⊂ Vn,m so that ⋃{Hn,m: m ∈ ω} = Xn . Put
Fn,m = {U : Un ∈Hn,m}. Then Fn,m is a ﬁnite subfamily of Un,m and ⋃{Fn,m: m ∈ ω} covers all n-point subsets of X . 
Question 25. Can Proposition 24 be reversed?
4. The Hurewicz property
Theorem 26. (Hurewicz [31])
(1) A second countable space is Hurewicz iff for every continuous mapping f : X → Rω , f (X) is bounded.
(2) A second countable zero-dimensional space is Hurewicz iff for every continuous mapping f : X → ωω , f (X) is bounded.
In this and the following sections, we omit the parts of proofs that are minor modiﬁcations of those from Section 3.
Theorem 27.
(1) (Kocˇinac [34], Theorem 2) A Lindelöf space is Hurewicz iff for every continuous mapping f : X → Rω , f (X) is bounded.
(2) A Lindelöf zero-dimensional space is Hurewicz iff for every continuous mapping f : X → ωω , f (X) is bounded.
Recall that a subset A ⊂ X of a metric space (X,d) is called totally bounded if for every ε > 0 there exists a ﬁnite F ⊂ X
such that for every a ∈ A there is b ∈ F with d(a,b) < ε.
Theorem 28. (Babinkostova [13]) The following conditions are equivalent for a metrizable space X :
(1) X is Hurewicz.
(2) X is σ -totally bounded with respect to every metric.
Recall that Cp(X) has the Monotonic Sequence Selection Property (henceforward MSSP) [56] if for every sequence
(σn: n ∈ ω) of sequences of nonnegative functions σn = { fn,k: k ∈ ω} such that for every n, σn monotonically converges
to the constant zero function 0 (which means that for every x ∈ X , limk→∞ fn,k(x) = 0, and for every x ∈ X and k ∈ ω,
fn,k+1(x)  fn,k(x)), then one can pick k(n) for all n ∈ ω so that the sequence of functions ( fn,k(n): n ∈ ω) pointwise con-
verges to 0.
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Theorem 30. The following conditions are equivalent for a space X :
(1) X is projectively Hurewicz.
(1′) Every Lindelöf image of X is Hurewicz.
(1′′) For every continuous mapping f : X → Rω , f (X) is Hurewicz.
(2) For every continuous mapping f : X → Rω , f (X) is bounded.
(3) X is σ -totally bounded with respect to every separable pseudometric.
(4) For every sequence (Un: n ∈ N) of countable covers of X by cozero sets, one can select ﬁnite subfamilies An ⊂ Un so that for
every x ∈ X, x ∈⋃An for all but ﬁnitely many n.
(5) Cp(X) has the MSSP.
The equivalence of conditions (4) and (5) was noted by M. Sakai (Remark 2.6 in [52]). Other equivalencies are parallel to
Theorem 6.
Proposition 31.
(1) ([34]) A space is Hurewicz iff it is Lindelöf and projectively Hurewicz.
(2) Every σ -pseudocompact space is projectively Hurewicz.
(3) Every space of cardinality less than b is projectively Hurewicz.
(4) The projective Hurewicz property is preserved by continuous images, by countable unions, by C∗-embedded zero-sets, and by
cozero sets.
(5) If X is projectively Hurewicz, and Y is σ -compact, then X × Y is projectively Hurewicz.
(6) ([34]) For an -space, the following conditions are equivalent:
(a) all ﬁnite powers of X have the Hurewicz property;
(b) for every continuous function f : X → Rω , all ﬁnite powers of f (X) have the Hurewicz property.
Examples in Section 3 show that the projective Hurewicz property is not preserved by products nor by “nice” closed
subspaces.
Theorem 32. ([35], stated as in [53]) The following conditions are equivalent:
(1) All ﬁnite powers of X are Hurewicz.
(2) Cp(X) is weakly Fréchet in the strict sense.
Theorem 33. If all ﬁnite powers of X are projective Hurewicz, then all countable subspaces of Cp(X) are weakly Fréchet in the strict
sense.
5. The Rothberger property
This selection principle is rather exceptional: such nice spaces as the Cantor set 2ω and the unit interval are not
Rothberger. The Rothberger property is preserved by continuous mappings, so it follows that all Rothberger spaces are
zero-dimensional. The next proposition is a folklore. The referee suggested that we include the proof for completeness of
the exposition.
Proposition 34. A compact space X is Rothberger iff X is scattered.
Proof. Suppose X is compact and not scattered. There is Z ⊂ X such that no point of Z is isolated in Z . We may assume
that Z is closed in X . Using induction one can construct for all n ∈ ω and i ∈ {0,1} closed subspaces Zn,i ⊂ Z so that
for every m ∈ ω and every i0, . . . , im ∈ {0,1}, ⋂0nm Zn,in = ∅, and thus by compactness for every choice of in for all
n ∈ ω, ⋂n∈ω Zn,in = ∅. There are continuous functions fn : Z → I such that for i ∈ {0,1}, Zn,i ⊂ f −1n (i). Consider the function
f =∏n∈ω fn : Z → Iω . Then f (Z) ⊃ 2ω . Since 2ω is not Rothberger, and the Rothberger property is preserved by continuous
images and closed subspaces we conclude that X is not Rothberger.
Now suppose X is compact and scattered. Let (Un: n ∈ ω) be a sequence of open covers of X . We want to pick Un ∈ Un
for all n ∈ ω so that {Un: n ∈ ω} covers X . Pick x0 ∈ X having the maximum Cantor–Bendikson index (see [54] for the
deﬁnition; moreover, in a compact scattered space, the supremum of Cantor–Bendikson index is always attained, and the
number of points having maximum Cantor–Bendikson index is always ﬁnite). Pick U0 ∈ U0 so that x0 ∈ U0. Now suppose
ω > n > 0 and the points xm and their neighborhoods Um ∈ Um have been chosen for all m < n. Put Xn = X \⋃{Um: m < n}.
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in Xn , pick Un ∈ Un with xn ∈ Un and continue. We claim that the process will stop at some ﬁnite step. Indeed, otherwise
points xn would be deﬁned for all n ∈ ω. Consider the sequence ξ = (αn: n ∈ ω) where αn is the Cantor–Bendikson index
of xn in Xn . Then ξ is a nonincreasing sequence of ordinals. Furthermore, every particular value is taken at most ﬁnitely
many times. We can therefore select an inﬁnite strictly decreasing sequence ξ ; such a sequence of ordinals may not exist;
a contradiction. 
Moreover, a compact space is scattered iff it has property (γ ) [28].
A second countable zero-dimensional space X is Rothberger iff for every continuous mapping ϕ : X → ωω , ϕ(X) can be
guessed, which means that there is g ∈ ωω such that for every f ∈ ϕ(X), f (n) = g(n) for inﬁnitely many n [16]. “Second
countable” can be easily extended to “Lindelöf”.
Theorem 35. A Lindelöf zero-dimensional space X is Rothberger iff for every continuous mapping ϕ : X → ωω , ϕ(X) can be guessed.
Proof. Suppose X is Lindelöf, zero-dimensional, and not Rothberger which fact is witnessed by the sequence (Un: n ∈ ω)
of open covers of X . In a zero-dimensional Lindelöf space, every open cover can be reﬁned by a (countable) partition into
clopen sets, so assume that Un are partitions into clopen sets. For x, y ∈ X , put x ∼ y iff for every n, x and y belong to
the same element of Un . Let X˜ = X/∼ be the quotient set and π : X → X˜ the corresponding quotient mapping. Consider
X˜ with the topology generated by {π(U ): U ∈ Un,n ∈ ω}. Then X˜ is second countable, zero-dimensional, and the covers
U˜n = {π(U ): U ∈ Un} witness that X˜ is not Rothberger. So there is a continuous mapping f : X˜ → ωω which cannot be
guessed. Then f ◦π is a continuous mapping from X to ωω which cannot be guessed.
On the other hand, if X is Lindelöf, zero-dimensional, and ϕ : X → ωω is a continuous mapping such that ϕ(X) cannot
be guessed, then ϕ(X) is not Rothberger, and therefore X is not Rothberger. 
5.1. Analogs of results on Menger and Hurewicz properties
Recall that a metric space (X,d) has strong measure zero (see [38]) if for every sequence (εn: n ∈ ω) of positive real
numbers, X can be represented as X =⋃{Xn: n ∈ ω} so that diam(Xn) < εn . Every space of strong measure zero is zero-
dimensional (see [38]).
Theorem 36. ([44], see Theorem 8.1.11 in [16]) A metrizable space is Rothberger iff it has strong measure zero with respect to every
metric.
Theorem 37. The following conditions are equivalent for a space X :
(1) X is projectively Rothberger.
(1′) Every Lindelöf image of X is Rothberger.
(1′′) For every continuous mapping f : X → Rω , f (X) is Rothberger.
(1′′′) For every continuous mapping f : X → R, f (X) is Rothberger.
(3) X has strong measure zero with respect to any separable pseudometric.
(4) For every sequence (Un: n ∈ N) of countable covers of X by cozero sets, one can pick Un ∈ Un so that {Un: n ∈ N} is a cover of X .
Proof. The equivalence of (1), (1′), (1′′), (3) and (4) is proved like in Theorem 6.
(1′′) ⇒ (1′′′) is obvious.
(1′′′) ⇒ (1′′) Let f : X → Rω . If f (X) were not zero-dimensional, then there would be a continuous surjection
g : f (X) → I and thus g ◦ f would be a continuous function from X to R with a non-Rothberger image. So f (X) is zero-
dimensional, and then f (X) ↪→ ωω ↪→ R. 
Proposition 38.
(1) ([34]) A space is Rothberger iff it is Lindelöf and projectively Rothberger.
(2) Every projectively Rothberger space is zero-dimensional.
(3) Every space of cardinality less than cov(M) is projectively Rothberger.
(4) The projective Rothberger property is preserved by continuous images, by countable unions, by C∗-embedded zero-sets, and by
cozero sets.
Theorem 39. ([51]) The following conditions are equivalent:
(1) All ﬁnite powers of X are Rothberger.
(2) Cp(X) has countable strong fan tightness.
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It is consistent that a second countable space X is Rothberger iff X is countable [39]. The following is an immediate
corollary:
Proposition 41. It is consistent that a space is projectively Rothberger iff it is projectively countable.
A space X is called functionally countable [40,46,50] if for every continuous mapping f : X → R, f (X) is countable. It is
easy to see that space is functionally countable iff it is projectively countable (ω-simple in the terminology of [8]).
5.2. The pseudocompact case
Theorem 42. The following conditions are equivalent:
(1) βX is Rothberger.
(2) Every compactiﬁcation αX of X is Rothberger.
(3) X is pseudocompact and projectively Rothberger.
Proof. (1) ⇔ (2) is obvious.
(1) ⇒ (X is pseudocompact) If X is not pseudocompact, then X contains a countably inﬁnite closed discrete C∗-
embedded subset, say C . Then Z = clβX (C) is homeomorphic to βω, which is not Rothberger while Rothberger is a closed
hereditary property.
(1) ⇒ (X is projectively Rothberger) Let (Un: n ∈ ω) be a sequence of countable covers of X by cozero sets. Fix n ∈ ω
and enumerate Un = {Un,m: m ∈ ω}. Then for each m ∈ ω, there exists fn,m : X → [0,1] such that Un,m = f −1n,m((0,1]). These
mappings can be extended to corresponding mappings f˜n,m : βX → [0,1], m ∈ ω. Put U˜n,m = f˜ −1n,m((0,1]); then U˜n,m ∩ X =
Un,m , for every m ∈ ω. Further, U˜n = {U˜n,m: m ∈ ω} covers βX : indeed, otherwise βX \⋃{U˜n,m: m ∈ ω} is a nonempty Gδ-
set in βX that does not intersect X while we have already proved that X is pseudocompact. So (U˜n: n ∈ ω) is a sequence
of covers of βX by cozero sets. Since βX is Rothberger, there exist U˜n,m(n) ∈ U˜n , n ∈ ω, such that {U˜n,m(n): n ∈ ω} covers
βX . Then {Un,m(n): n ∈ ω} covers X .
(3) ⇒ (1) Let (Un: n ∈ ω) be a sequence of open covers of βX witnessing that βX is not Rothberger. We may assume
that Un are ﬁnite covers of βX by cozero sets. Then Vn = Un  X are ﬁnite covers of X by cozero sets. Since X is projectively
Rothberger, there are Vn ∈ Vn such that {Vn: n ∈ ω} covers X . Also there are Un ∈ Un such that Un ∩ X = Vn . Then {Un: n ∈
ω} covers βX . Indeed, otherwise βX \⋃{Un: n ∈ ω} is a nonempty Gδ-set in βX that does not intersect X which contradicts
the pseudocompactness of X . 
Remark 43. Obviously, the condition “some compactiﬁcation αX of X is Rothberger” is not equivalent to the conditions of
Theorem 42: X = ω has a Rothberger compactiﬁcation ω + 1 and a non-Rothberger compactiﬁcation βω.
Moreover, there are pseudocompact spaces X such that some compactiﬁcations of X are Rothberger while some others
are not. Terasawa has proved [61] that every compact metric space without isolated points K is homeomorphic to βX \ X for
some pseudocompact Ψ -space X . Then for K = I , βX for such X is not Rothberger while aX , the one-point compactiﬁcation,
is Rothberger since it is scattered.
Remark 44. This example also shows that the conditions of Theorem 37 are not equivalent to the condition “X is zero-
dimensional and for every continuous f : X → ωω f (X) is Rothberger”. Indeed, by the previous theorem this X is not
projectively Rothberger while for every continuous f : X → R, f (X) is at most countable.
Corollary 45. If X is pseudocompact and projectively Rothberger, then all countable subspaces of Cp(X) have countable strong fan
tightness.
Proof. Since X is pseudocompact and projectively Rothberger, βX is Rothberger and thus scattered. So all ﬁnite powers of
βX are scattered and thus Rothberger. So, by Theorem 39, Cp(βX) has countable strong fan tightness. By Theorem 20 all
countable subsets of Cp(X) are homeomorphic to corresponding subspaces of Cp(βX) and thus have countable strong fan
tightness. 
Remark 46. In the previous corollary, pseudocompactness cannot be dropped. Let X be a second countable Rothberger space
such that X2 is not Rothberger. Then Cp(X) does not have countable strong fan tightness (+). On the other hand, Cp(X)
has countable tightness (by Arhangelskii–Pytkeev theorem ([3] and [49], see Theorem 2.1.1 in [8]), Cp(X) has countable
tightness iff all ﬁnite powers of X are Lindelöf), so (+) can be witnessed by a countable subspace.
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Remark 48. A pseudocompact scattered space does not have to be projectively Rothberger: in [19] we constructed a Ψ -space
X and a sequence (Pn: n ∈ ω) of partitions of X into clopen sets such that for any choice of Pn ∈Pn for n ∈ ω, {Pn: n ∈ ω}
does not cover X . The construction is similar to the one reproduced in Example 12 only instead of the space of irrationals
we start with the Cantor set. Then we carefully extend the almost disjoint family to a maximal one (see [19], Example 14
for details).
6. Stronger and weaker variations of the Rothberger property
Some properties stronger than the Rothberger property were considered by Gerlits and Nagy [28,27] (see Section 2 for
the deﬁnitions).
6.1. Property (∗)
Theorem 49. ([45]) The following conditions are equivalent:
(1) X has property (∗).
(2) For each sequence (Un: n ∈ ω) of open covers of X , one can pick Un ∈ Un so that the sequence of sets (Un: n ∈ ω) is groupable,
that is there is a strictly increasing function f : ω → ω such that for every x ∈ X, x ∈⋃{Ui: f (n)  i < f (n + 1)} for all but
ﬁnitely many n.
(3) X is both Hurewicz and Rothberger.
Theorem 50. The following conditions are equivalent for a space X :
(1) X is projectively (∗).
(1′) Every Lindelöf image of X has property (∗).
(1′′) For every continuous mapping f : X → Rω , f (X) has property (∗).
(1′′′) For every continuous mapping f : X → R, f (X) has property (∗).
(4) For every sequence (Un: n ∈ N) of countable covers of X by cozero sets, one can pick Un ∈ Un so that (Un: n ∈ ω) is groupable.
(7) X is both projectively Hurewicz and projectively Rothberger.
Recall that [43] add(M) =min{b, cov(M)} [43].
Proposition 51.
(1) ([34]) A space has property (∗) iff it is Lindelöf and projectively (∗).
(2) Every projectively (∗) space is zero-dimensional.
(3) Every space of cardinality less than add(M) is projectively (∗).
(4) The projective (∗) property is preserved by continuous images, by countable unions, by C∗-embedded zero-sets, and by cozero sets.
Theorem 52. ([36]) The following conditions are equivalent:
(1) All ﬁnite powers of X have property (∗).
(2) Cp(X) is weakly Fréchet and has countable strong fan tightness.
Theorem 53. If all ﬁnite powers of X are projective (∗), then all countable subspaces of Cp(X) are weakly Fréchet and have countable
strong fan tightness.
6.2. Property (γ )
Theorem 54. The following conditions are equivalent for a space X :
(1) X has projective property (γ ).
(1′) Every Lindelöf image of X has property (γ ).
(1′′) For every continuous mapping f : X → Rω , f (X) has property (γ ).
(1′′′) For every continuous mapping f : X → R, f (X) has property (γ ).
(4) For every countable ω-cover U of X by cozero sets, one can pick Un ∈ U so that every x ∈ X is contained in all but ﬁnitely
many Un.
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in all but ﬁnitely many Un.
Every subspace of R of cardinality less than p has property (γ ) [53]. Property (γ ) is not preserved by ﬁnite unions, but
it is preserved by topological sums of ﬁnitely or countably many copies of a space [27,28].
Proposition 55.
(1) ([34]) A space has property (γ ) iff it is an -space and projectively (γ ).
(2) Every projectively (γ ) space is zero-dimensional.
(3) Every space of cardinality less than p is projectively (γ ).
(4) The projective (γ ) property is preserved by continuous images.
Recall that X has property (ϕ) if whenever U =⋃{Un: n ∈ ω} is an ω-cover of X such that Un ⊂ Un+1 for all n, one
can select subspaces Xn ⊂ X (n ∈ ω) such that Xn is ω-covered by Un and every point of X is contained in all but ﬁnitely
many Xn .
Theorem 56. ([27]) A space X has property (γ ) iff X is an -space and has property (ϕ).
This immediately implies
Theorem 57. The list of equivalent conditions in Theorem 54 can be extended with the following conditions:
(1a) X is projectively (ϕ).
(1′′a) For every continuous mapping f : X → Rω , f (X) has property (ϕ).
(1′′′a) For every continuous mapping f : X → R, f (X) has property (ϕ).
(4a) For every countable ω-cover U =⋃{Un: n ∈ ω} of X by cozero sets such that Un ⊂ Un+1 for all n one can select subspaces
Xn ⊂ X (n ∈ ω) such that Xn is ω-covered by Un and every point of X is contained in all but ﬁnitely many Xn.
In this sense projective property (γ ) may also be called projective (ϕ).
Property (γ ) is preserved by ﬁnite powers [27]. For projective (γ ) this is not the case.
Example 58. There is a projectively countable (hence projectively (γ )) space X such that X2 is not projectively (γ ).
Indeed, let κ be a cardinal, let X1 be κ equipped with the order topology, and X2 be κ ∪{p} with the points of κ isolated
while a neighborhood of p takes the form {p} ∪ (κ \ C) where C is at most countable. Then both X1 and X2 are projectively
countable while X1 × X2 contains a clopen discrete subset {〈α,α〉: α < κ} of cardinality κ . So for κ  p, X1 × X2 is not
projectively (γ ). Hence neither is X , the discrete sum of X1 and X2.
A compact space has property (γ ) iff it is scattered.
Proposition 59. Suppose Xn is pseudocompact for every n ∈ N. Then X is projectively (γ ) iff it is projectively Rothberger.
Proof. Let X be projectively Rothberger. Then by Theorem 42 βX is Rothberger, therefore scattered, therefore it has prop-
erty (γ ). We will verify that X satisﬁes the condition (4) in Theorem 54; it will follow that X is projectively (γ ). Let U
be a countable ω-cover of X by cozero sets. For every U ∈ U ﬁx a function fU : X → [0,1] such that U = f −1U ((0,1]). The
functions fU can be extended to functions f˜U : βX → [0,1]. Put U˜ = f˜U−1((0,1]). Then U˜ ∩ X = U .
We claim that U˜ = {U˜ : U ∈ U} is an ω-cover of βX . Suppose the contrary: let A be a ﬁnite subset of βX not included
in any element of U˜ . Let |A| = n. Put U˜ = {U˜n: n ∈ ω}. Then U˜ is a countable family of cozero sets in (βX)n such that
Xn ⊂⋃ U˜ = (βX)n . So (βX)n \ U˜ is a nonempty Gδ-set in (βX)n that does not intersect Xn . This is a contradiction with
pseudocompactness of Xn .
Since βX is (γ ) one can pick U˜n for n ∈ ω so that {U˜n: n ∈ ω} is a γ -cover of βX . Then {Un: n ∈ ω} is a γ -cover
of X . 
Proposition 41 implies the following.
Corollary 60. It is consistent that the four properties: projective (γ ), projective (∗), projective Rothberger, and projective countability,
are equivalent.
886 M. Bonanzinga et al. / Topology and its Applications 157 (2010) 874–893Taking this into account, it might be interesting to get more examples of non-Lindelöf spaces with projective (∗) or (γ )
properties.
Example 61. There is a m.a.d. family A such that Ψ (A) is projectively (γ ).
Indeed, there are (see [23] or [17]) m.a.d. families A such that for X = Ψ (A), βX = aX . For a Ψ -space X , aX is a
scattered compact space (of index of scatteredness 2), and thus aX is Rothberger, so βX is Rothberger, and hence by
Theorem 42, X is projectively Rothberger. Further, X is pseudocompact and locally compact, so for every n ∈ N, Xn is
pseudocompact and thus by Proposition 59 X is projectively (γ ).
Theorem 62. ([28,27]) The following conditions are equivalent for a space X :
(1) X has property (γ ).
(2) Cp(X) is sequential.
(3) Cp(X) is Fréchet.
(4) Cp(X) is strictly Fréchet.
Theorem 63. If X is projectively (γ ), then all countable subspaces of Cp(X) are strictly Fréchet.
6.3. The Haver property
The following weaker form of Rothberger property was introduced in [1] (see [25]): space X has property C if for every
sequence (Un: n ∈ ω) of open covers of X there exist families of open sets Vn such that the elements of Vn are pair-
wise disjoint, Vn reﬁnes Un , and
⋃{Vn: n ∈ ω} = X .1 A metric space (X,d) has the Haver property if for every sequence
(εn: n ∈ ω) of positive real numbers, there exist families of open sets Vn such that the elements of Vn are pairwise disjoint,
diam(V ) < εn for every n ∈ ω, and ⋃{Vn: n ∈ ω} = X [29]. A metrizable space has property C iff it has Haver property with
respect to any metric (see [12,47]). Surprisingly, the situation with the projective version of property C is not quite parallel
to that for the properties considered above. We have only this list of equivalent conditions:
Theorem 64. The following conditions are equivalent for a space X :
(1) X is projectively C .
(1′) Every Lindelöf image of X is C .
(1′′) For every continuous mapping f : X → Rω , f (X) is C.
(3) X has Haver property with respect to every separable pseudometric.
The proof is similar to the arguments of the previous sections. Consider, however, the following property:
(4) For every sequence (Un: n ∈ ω) of countable covers of X by cozero sets, there exist families of open sets Vn such that
the elements of Vn are pairwise disjoint, Vn reﬁnes Un , and
⋃{Vn: n ∈ ω} = X .
This property is not equivalent to properties (1)–(3). It is enough to note that a discrete space of any cardinality has
property (4).
7. The property S1(Γ,Γ ) and Arhangelskii’s (αi)-properties of Cp(X) or Cp(X,2)
Recall from [2] that Z is an αi-space (where i ∈ {1,2,3,4}) if for every z ∈ Z and every family {Sn: n ∈ ω} of nontrivial
sequences converging to z, there is a sequence S converging to z such that:
(α1) Sn \ S is ﬁnite for all n;
(α2) Sn ∩ S is inﬁnite for all n;
(α3) Sn ∩ S is inﬁnite for inﬁnitely many n;
(α4) Sn ∩ S is nonempty for inﬁnitely many n.
Theorem 65. (Scheepers [57]) Cp(X) has property α2 iff Cp(X) has property α4 .
Also Scheepers characterized the α2 property of Cp(X) in terms of the property S1(Γ,Γ ) (see the terminology section).
1 Unfortunately, the terminology is not uniform here; in [44] and some other papers, the name property C is used as a synonym of strong measure zero.
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(1) Cp(X) is an α2-space.
(2) X has the property S1(Γ,Γ ).
Here we restate Scheepers’s Theorem 66 in terms of projective properties.
Theorem 67. The following properties are equivalent for a space X :
(1) Cp(X) is an α2-space.
(2) X is projectively S1(Γ,Γ ).
(2′) X has the property S1(Γcz,Γcz).
The proof of the equivalence between (2) and (2′) is similar to the arguments from previous sections. To prove the
equivalence of (1) and (2) we need a lemma.
Lemma 68. (Folklore, see [63], 1.166) Let C be a countable subspace of Cp(X). Then there exist a second countable space Y and a
continuous surjection q : X → Y such that Cp(Y ) contains a homeomorphic copy of C . Speciﬁcally, there is a homeomorphic copy C ′
of C in Cp(Y ) such that q#(C ′) = C.
Proof of (1)⇔ (2) in Theorem 67. (2) ⇒ (1) Let z ∈ Cp(X), and let for every n ∈ ω, Sn be a nontrivial sequence in Cp(X)
converging to z. Then C =⋃{Sn: n ∈ ω} ∪ {z} is a countable subspace of Cp(X). Let Y , q and C ′ be like in Lemma 68. For
n ∈ ω, let S ′n = (q#)−1(Sn). Since X is projectively S1(Γ,Γ ), Y is S1(Γ,Γ ), and thus by Theorem 66 there is a sequence S ′ ⊂
C ′ such that S ′ converges to z′ = (q#)−1(z) and S ′n ∩ S ′ is inﬁnite for all n. Then, since q# is a homeomorphic embedding,
S = q#(S ′) is a sequence converging to z and S ∩ Sn is inﬁnite for all n.
(1) ⇒ (2) Let q be a continuous mapping of X onto a second countable space Y . Since Cp(X) is α2 and Cp(Y ) is home-
omorphic to a subspace of Cp(X), Cp(Y ) is α2, and thus by Theorem 66 Y is S1(Γ,Γ ). So X is projectively S1(Γ,Γ ). 
Here is the zero-dimensional variation of Theorems 65, 66 and 67:
Theorem 69. The following properties are equivalent for a zero-dimensional space X :
(1) Cp(X,2) is an α2-space.
(1′) Cp(X,2) is an α3-space.
(1′′) Cp(X,2) is an α4-space.
(2) X is S1(Γcl,Γcl).
(Note that property (2) is projective by its nature: X is S1(Γcl,Γcl) iff so is every second countable image of X . Moreover,
this would be so even if we would drop countability in the deﬁnition of cl; indeed, every countably inﬁnite subfamily of a
γ -cover is a γ -cover.)
Proof. (1) ⇒ (1′) ⇒ (1′′) is obvious.
(1′′) ⇒ (2) For n ∈ ω, let Un be a γ -cover of X consisting of clopen sets. We want to ﬁnd Fn ∈ Un such that {Fn: n ∈ ω}
is a γ -cover of X . Without loss of generality we may assume that Un is countable. Moreover, we can assume that Um
reﬁnes Un whenever m > n. Then Sn = {χF : F ∈ Un} is a nontrivial sequence in Cp(X,2) converging to 1. Since Cp(X,2) is
α4, there is a sequence S ⊂ Cp(X,2) such that S converges to 1 and S has nonempty intersection with inﬁnitely many Sn .
Pick a strictly increasing sequence of integers (nk: k ∈ ω) such that S ∩ Snk = ∅, and for every k ∈ ω pick χFnk ∈ S ∩ Snk . This
deﬁnes Fn ∈ Un for n of the form n = nk for some k. If n is not of such form, put k(n) = min{k: nk > n} and pick Fn ∈ Un
so that Fn ⊃ Fnk(n) (this is possible since Unk(n) reﬁnes Un , and Fnk(n) has already been deﬁned). Thus Fn ∈ Un are deﬁned for
all n, and it follows that {Fn: n ∈ ω} is a γ -cover of X .
(2) ⇒ (1) Let z ∈ Cp(X,2), and let for n ∈ ω, Sn = ( fn,m: m ∈ ω) be a nontrivial sequence in Cp(X,2) converging to z.
Without loss of generality we can assume that z = 1. Put Fn,m = ( fn,m)−1(1). Then Un = {Fn,m: m ∈ ω} is a γ -cover of X by
clopen sets. Put Hn,m =⋂{Fn,k: 0 k m}. Then Vn = {Hn,m: m  n} is a γ -cover of X by clopen sets, and Hn,m ⊃ Hn,m′
whenever m <m′ . Since X is S1(Γcl,Γcl), one can pick for each n ∈ ω an element Hn,m(n) ∈ Vn so that H = {Hn,m(n): n ∈ ω}
is a γ -cover of X . For n ∈ ω, put Wn = {Hn,m: there is n′  n with m(n′) =m}. Since m(n′) n′ for any n′ , Wn is an inﬁnite
subfamily of Vn . We claim that W =⋃{Wn: n ∈ ω} is a γ -cover of X . Indeed, W can be re-arranged as W =⋃{Hn: n ∈ ω}
where Hn = {Hn′,m(n): 0  n′  n}. Then the family Hn is ﬁnite, and every element of Hn contains Hn,m(n) . Since H is a
γ -cover, and thus every x ∈ X is contained in all but ﬁnitely many sets Hn,m(n) , every x ∈ X is contained in all elements of
all but ﬁnitely many families Hn , thus in all but ﬁnitely many elements of W .
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a standard neighborhood O of 1 contains an element χHn,m of S ′ , then O contains the corresponding element fn,m of S . It
follows that S converges to 1. Since W has inﬁnite intersection with each Vn , S has inﬁnite intersection with each Sn . Thus
Cp(X) is α2. 
A characterization of the property α1 for Cp spaces was found by Sakai (one of the implications in Theorem 70 below
is from an earlier work by Scheepers [57]). Recall that X is a QN-space [20] if every sequence of continuous functions
fn : X → R that converges pointwise to a continuous function f : X → R converges quasinormally to f ; the later means that
for every sequence (εn: n ∈ ω) of positive reals such that limn→∞ εn = 0 and for every x ∈ X , | fn(x) − f (x)| < εn for all but
ﬁnitely many n.
Theorem 70. (Sakai [52]) The following properties are equivalent for a space X :
(1) Cp(X) is an α1-space.
(2) X is a QN-space.
(3) For every sequence (Un = {Un,m: m ∈ ω}: n ∈ ω) of γ -covers of X by cozero sets there is a function ϕ ∈ ωω such that
{Un,m: n ∈ ω, m ϕ(n)} is a γ -cover of X .
It is clear that property (3) is of projective character; it is equivalent to the following property:
(3′) For every second countable continuous image Y of X and every sequence (Un = {Un,m: m ∈ ω}: n ∈ ω) of open γ -covers of Y
there is a function ϕ ∈ ωω such that {Un,m: n ∈ ω, m ϕ(n)} is a γ -cover of Y .
Corollary 71. X is QN iff X is projectively QN.
Recall that X is a wQN-space [20] if for every sequence of continuous functions fn : X → R that converges pointwise to
a continuous function f : X → R there is a subsequence that converges quasinormally to f .
Theorem 72. (Scheepers and Fremlin [58,26], see [52], Theorem 1.7) Cp(X) is an α2-space iff X is a wQN-space.
Corollary 73. X is wQN iff X is projectively wQN.
8. The property Sﬁn(Γ,Ω) and embedding the countable fan space Vω into Cp(X) or Cp(X,2)
We have seen that a projective property of X may provide corollaries about countable subsets of Cp(X) (Theorems 18,
33, 40, 53, 63, 67). One can wonder if a projective property of X can be characterized in terms of (non)embeddability of a
certain particular countable space Z into Cp(X). For one projective property, and for one countable space Z , we are able to
provide results of this sort. We will need the following characterization.
Theorem 74. ([59,60]) Let Y be a Fréchet space. Then the following conditions are equivalent:
(i) Y has countable fan tightness.
(ii) Y does not contain a copy of Vω .
Now consider the following instance of a general selective principle Sﬁn(A,B) (see the terminology section). A space X is
Sﬁn(Γ,Ω) if for every sequence (Un: n ∈ ω) of γ -covers of X one can pick ﬁnite subfamilies Fn ⊂ Un so that
⋃{Fn: n ∈ ω}
is an ω-cover of X . Sﬁn(Γ,Ω) is one of the eleven properties in [32], Fig. 3; Sﬁn(Γ,Ω) is stronger than the Menger property,
and is independent both from the Hurewicz and from the Rothberger property. To state the result on embeddability into
Cp(X) we need a theorem of Sakai.
Theorem 75. ([52]) The following conditions are equivalent for a space X :
(1) For every countable γ -cover {Um: m ∈ ω} of X consisting of cozero sets there are zero sets Zm ⊂ Um such that {Zm: m ∈ ω} is a
γ -cover of X .
(2) For every sequence {Zm: m ∈ ω} of zero sets there is a sequence {Um: m ∈ ω} of cozero sets such that ⋃{Zm: m ∈ ω} =⋂{Um: m ∈ ω}.
We will call either of the equivalent conditions in Theorem 75 Sakai’s condition.
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(1) X is projectively Sﬁn(Γ,Ω).
(2) Every Fréchet subspace of Cp(X) has countable fan tightness.
(3) The countable fan space Vω cannot be embedded into Cp(X).
Sakai’s condition is pretty restrictive. Indeed, for a metrizable space it is equivalent to being a σ -space (recall that Z is
a σ -space iff every Fσ -set is a Gδ-set). It is worth to note that in the proof of Theorem 76 (given below), Sakai’s condition
is used only in one of the implications.
Question 77. Does Theorem 76 remain true without the assumption that X satisﬁes Sakai’s condition, or under assumptions weaker
than Sakai’s condition?
In the case of Cp(X,2), we do not need additional assumptions on X .
Theorem 78. The following conditions are equivalent for a zero-dimensional space X :
(1) X  Sﬁn(Γcl,Ωcl).
(2) Every Fréchet subspace of Cp(X,2) has countable fan tightness.
(3) The countable fan space Vω cannot be embedded into Cp(X,2).
Note that condition (1) has projective character: X satisﬁes this condition iff so does every second countable image of X .
8.1. Lemmas about Vω
First, we note that the topology of Vω can be characterized by the following three conditions:
(a) the points of ω ×ω are isolated,
(b) for every n ∈ ω, the sequence ((n,m): m ∈ ω) converges to p, and
(c) every set that contains, for each n ∈ ω, at most ﬁnitely many points (n,m) is closed.
Lemma 79. Let Y = {qn,m: n,m ∈ ω} ∪ {p} be a Hausdorff space such that
(a) all points qn,m and p are distinct,
(b) for every n ∈ ω, the sequence σn = (qn,m: m ∈ ω) converges to p, and
(c) if A ⊂ Y \ {p}, and A contains, for each n ∈ ω, at most ﬁnitely many points qn,m, then p /∈ A.
Then Y contains a subspace homeomorphic to Vω .
Proof. For n ∈ ω, denote Sn = {qn,m: m ∈ ω}. For every n,m, there are disjoint neighborhoods On,m  qn,m and Nn,m  p.
There is a function ϕ ∈ ωω such that for every n,m, there are at most ﬁnitely many k such that Nn,m ∩ Sk ⊃ {qk,l: l ϕ(k)}.
Denote the set of all these k by Kn,m .
Put Z = {p} ∪ {qk,l: l  ϕ(k)}. Put h(p) = p and h(qk,l) = (k, l − ϕ(k)) whenever l  ϕ(k). Then h is an homeomorphism
of Z onto Vω . We have to check only that the points of Z \ {p} are isolated in Z . Let qn,m ∈ Z . Since the set Kn,m is ﬁnite,
the set Cn,m = {p} ∪ {qk,l: k ∈ Kn,m} is either a one point set, or it is a sequence converging to p. Since On,m ∩ Nn,m = ∅,
On,m ∩ Z ⊂ Cn,m . But all points of Cn,m other than p are isolated. 
Next we show that one can omit the assumption that all points qn,m are distinct.
Lemma 80. Let Z = {rn,m: n,m ∈ ω} ∪ {p} be a Hausdorff space such that (b) for every n ∈ ω, the sequence σn = (rn,m: m ∈ ω)
converges to p, and (c) if for each n ∈ ω, Fn is a ﬁnite subset of σn, then p /∈ A where A =⋃{Fn: n ∈ ω}. Then Z contains a subspace
homeomorphic to Vω .
Proof. By induction, one can pick a strictly increasing sequence of integers (kn: n ∈ ω) and inﬁnite subsets Cn ⊂ σkn such
that Cn ∩ Cn′ = ∅ whenever n = n′ .
Indeed, ﬁrst, we note that rn,m = p for some n,m would contradict (c), so we may assume that rn,m = p for all n,m, and
then it follows from (b) that each σn is inﬁnite.
Put k0 = 0 and C0 = σ0.
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0  i  s, and ki < k j and Ci ∩ C j = ∅ whenever 0  i < j  s. Put Ms = {k ∈ ω: k > ks and the set σk \ (C0 ∪ · · · ∪ Cs) is
inﬁnite}.
Suppose Ms = ∅. Then for some i  s the set Ks = {k > ks: σk ∩ Ci is inﬁnite} is inﬁnite. Enumerate Ks and pick by
induction for each k ∈ Ks , a bk ∈ σk ∩ Ci so that bk = bk′ whenever k = k′ . For k ∈ ω, deﬁne Fk = {bk} if k ∈ Ks and Fk = ∅
otherwise. Put A =⋃{Fk: k ∈ ω}. By (c), p /∈ A. On the other hand, A has inﬁnite intersection with Ci , and since Ci is a
sequence converging to p, p ∈ A. A contradiction.
So Ms = ∅. Denote by ks+1 the ﬁrst element of Ms and put Cs+1 = σks+1 \ (C0 ∪ · · · ∪ Cs).
As soon as kn and Cn have been deﬁned for all n, enumerate Cn = {qn,m: m ∈ ω} and put Y = {qn,m: n,m ∈ ω} ∪ {p}. By
Lemma 79 Y contains a subspace homeomorphic to Vω and thus so does Z . 
Lemma 80 can be used to provide a proof of Theorem 74, but below we will use it for another purpose.
8.2. Proof of Theorem 76
Theorem 74 immediately implies the equivalence (2) ⇔ (3). To prove the remaining implications, we will introduce
several auxiliary conditions.
Recall that Γcz denotes the family of all countable γ -covers by cozero sets. Consider the following condition.
(4) X  Sﬁn(Γcz,Ω).
The equivalence (4) ⇔ (1) can be proved similarly to the proofs in the previous sections of the paper. Now we need
some notation. We consider Cp(X, (0,∞)) as a subspace of Cp(X). For a function f ∈ Cp(X, (0,∞)), put f˜ = {〈x, y〉 ∈
X × R: y > f (x)} (then f˜ is a cozero set in X × (0,∞)). For a set F ⊂ Cp(X, (0,∞)), put F˜ = { f˜ : f ∈ F }.
Proposition 81. Let F ⊂ Cp(X, (0,∞)). Then
(a) 0 ∈ F iff F˜ is an ω-cover of X × (0,∞).
(b) F is a sequence converging to 0 iff F˜ is a γ -cover of X × (0,∞).
Proof. (a) (⇒) Suppose 0 ∈ F . Let S be a nonempty ﬁnite subset of X × (0,∞). Put T = πX (S) and ε = min{y: 〈t, y〉 ∈ S}.
Then ε > 0 and O = {g ∈ Cp(X, (0,∞)): g(t) < ε for all t ∈ T } is a neighborhood of 0 in Cp(X, (0,∞)). Since 0 ∈ F there is
f ∈ F ∩ O . Then S ⊂ f˜ . This proves that F˜ is an ω-cover of X × (0,∞).
(⇐) Suppose F˜ is an ω-cover of X × (0,∞). Let O = {g ∈ Cp(X, (0,∞)): g(t1) < ε, . . . , g(tn) < ε} be a basic neighbor-
hood of 0 in Cp(X, (0,∞)) (here, n ∈ N, t1, . . . tn ∈ X , and ε is a positive real). Since F˜ is an ω-cover of X × (0,∞) there is
f ∈ F such that {〈t1, ε〉, . . . , 〈tn, ε〉} ⊂ f˜ . Then f ∈ O . This proves that 0 ∈ F .
(b) (⇒) Let F = { fn: n ∈ ω} be a sequence of positive functions converging to 0. Let 〈t, ε〉 ∈ X×(0,∞). Since F converges
to 0 we have fn(t) < ε for all but ﬁnitely many n. This proves that F˜ is a γ -cover of X × (0,∞).
(⇐) Let F˜ be a γ -cover of X × (0,∞). First, we note that F is countable. Suppose it is not. Fix t ∈ X and for n ∈ N put
Fn = { f ∈ F : 1n  f (t) > 1n+1 }. Also put F0 = { f ∈ F : f (t) > 1}. Then one of the sets Fn , say Fn∗ , is uncountable. Then the
point p = 〈t, 1n∗+1 〉 is not contained in f˜ for all f ∈ Fn∗ . So p is not contained in inﬁnitely many elements of F˜ and this F˜
is not a γ -cover, a contradiction.
So F is countable. Enumerate it as F = { fn: n ∈ ω}. Since F˜ is a γ -cover, for every t ∈ X and ε > 0, 〈t, ε〉 ∈ f˜n for all
but ﬁnitely many n. In other words, fn(t) < ε for all but ﬁnitely many n. This means that for every t ∈ X the sequence
{ fn(t): n ∈ ω} converges to 0. So the sequence { fn: n ∈ ω} converges to 0. 
Let Gup denote the family of countable covers of X × (0,∞) by the sets of the form f˜ where f ∈ Cp(X × (0,∞));
Γup = Γ ∩ Gup , etc. Consider the following property
(5) X × (0,∞)  Sﬁn(Γup,Ω).
We claim that (5) ⇒ (3) ⇒ (4) ⇒ (5). This will conclude the proof of the theorem. To prove (5) ⇒ (3) we need a
lemma.
Lemma 82. Let c ∈ C ⊂ Cp(X) where C is countable. Then there is a countable C ′ ⊂ Cp(X) and a bijection π : C → C ′ such that
π(c) = 0 ∈ C ′ , f (x) > 0 for every f ∈ C ′ \ {0}, and every x ∈ X ; and for every Z ⊂ C, c ∈ Z iff 0 ∈ π(Z).
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gn(x) =
{ | fn(x) − c(n)| if | fn(x)− c(n)| > 1/(n+ 1),
1/(n+ 1) otherwise.
Put h0 = g0. Suppose n > 0 and hm ∈ Cp(X) have been deﬁned for 0 m < n. Pick hn ∈ Cp(X) so that the following two
conditions hold: (a) for every m, 0m < n, hn = hm , (b) for every x ∈ X , 1/2< hn(x)/gn(x) < 3/2.
Put C ′ = {0} ∪ {hn: n ∈ ω}. Then π : C → C ′ deﬁned by π(c) = 0 and π( fn) = hn is the required bijection. 
Proof of (5)⇒ (3). Let C = { fn,m: n,m ∈ ω}∪ {p} be a copy of Vω contained in Cp(X) (where all fn,m and p are distinct, for
each n, σn = ( fn,m: m ∈ ω) is a sequence converging to p, and any set containing at most ﬁnitely many points from each
σn is closed in C ). According to the lemma, we may assume that p = 0 and that fn,m(x) > 0 for every n, m and x. Put Un =
{ f˜n,m: m ∈ ω}. Then by Proposition 81, Un ∈ Γup and the sequence (Un: n ∈ ω) witness that X × (0,∞)  Sﬁn(Γup,Ω). 
Proof of (3)⇒ (4). Let (Un: n ∈ ω) be a sequence of countable γ -covers of X by cozero sets witnessing that X does not have
the property Sﬁn(Γcz,Ω). In other words, (+) for every choice of ﬁnite subfamilies Fn ⊂ Un there is a ﬁnite subset A ⊂ X
such that for every U ∈⋃{Fn: n ∈ ω}, A \U = ∅. Let Un = {Un,m: m ∈ ω}. Since X satisﬁes Sakai’s condition, by Theorem 75
there are zero sets Pn,m ⊂ Un,m such that Pn = {Pn,m: m ∈ ω} is a γ -cover of X . There are functions fn,m ∈ Cp(X) such
that fn,m(X) ⊂ [0,1], Pn,m = f −1n,m(0), and X \ Um,n = f −1n,m(1). Put Z = { fn,m: n,m ∈ ω} ∪ {0}. Since Pn are γ -covers, the
sequences σn = { fn,m: m ∈ ω} converge to 0. On the other hand, it follows from (+) that for every choice of ﬁnite subsets
Fn ⊂ Un there is a ﬁnite subset A ⊂ X such that for every Un,m ∈⋃{Fn: n ∈ ω} there is a ∈ A such that fn,m(a) = 1. It
follows that 0 /∈⋃{Fn: n ∈ ω}. So by Lemma 80, Z contains a subspace homeomorphic to Vω , a contradiction with (3). 
Proof of (4)⇒ (5). Having a sequence of covers of X × (0,∞) belonging to Γup double enumerate it as (Um,n: m,n ∈ N).
We have to ﬁnd ﬁnite Fm,n ⊂ Um,n such that ⋃{Fm,n: m,n ∈ N} is an ω-cover of X × (0,∞).
Let πX denote the projection of X × (0,∞) onto X . Fix m. For n ∈ N denote Vm,n = {πX (U ∩ (X × {1/m})): U ∈ Um,n}.
Then Vm,n ∈ Γcz(X). By (4) there are ﬁnite subfamilies Am,n ⊂ Vm,n such that ⋃{Am,n: n ∈ N} is an ω-cover of X . For
each A ∈ Am,n pick U A ∈ Um,n such that A = πX (U A ∩ (X × {1/n})) and put Fm,n = {U A: A ∈ Am,n}. Then Fm,n is a ﬁnite
subfamily of Um,n , and
⋃{Fm,n: n ∈ N} ω-covers X × [1/m,∞) (+). Indeed, let S be a ﬁnite subset of X × [1/m,∞). Then
πX (S) is a ﬁnite subset of X and thus there are n ∈ N and A ∈ Am,n such that πX (S) ⊂ A. Then U A ∈ Fm,n and there is
f ∈ Cp(X, (0,∞)) such that U A = f˜ . Then f (x) < 1/m for every x ∈ A. Let p = 〈x, y〉 ∈ S . Then x ∈ A and y  1/m. So
y > f (x) and thus p ∈ f˜ = U A . So S ⊂ U A .
Since every ﬁnite subset of X × (0,∞) is for some m ∈ N a subset of X × [1/m,∞) it follows from (+) that⋃{Fm,n: m,n ∈ N} is an ω-cover of X × (0,∞). 
8.3. Proof of Theorem 78
The equivalence of (2) and (3) follows from Theorem 74.
(1) ⇒ (3): Let C = { fn,m: n,m ∈ ω} ∪ {p} be a copy of Vω contained in Cp(X,2) (where all fn,m and p are distinct, for
each n, σn = ( fn,m: m ∈ ω) is a sequence converging to p, and (+) any set containing at most ﬁnitely many points from
each σn is closed in C ). We may assume that p = 0. Put Un,m = f −1n,m(0) and Un = {Un,m: m ∈ ω}. Since σn converges to 0,
Un is a γ -cover of X . It follows from (+) that the union of any ﬁnite subfamilies of Un is not an ω-cover of X .
(3) ⇒ (1) Let (Un: n ∈ ω) where Un = {Un,m: m ∈ ω} be a sequence of covers by clopen sets witnessing that X 
Sﬁn(Γcl,Ωcl). Put fn,m(x) = 0 if x ∈ Un,m and fn,m(x) = 1 otherwise. Then C = { fn,m: n,m ∈ ω} ∪ {0} ⊂ Cp(X,2) and by
Lemma 80 C contains a copy of Vω .
9. AP property in Cp(X) and projective properties of X
Recall that Z is an AP-space [48] if for every A ⊂ Z and every z ∈ A \ A there is B ⊂ A such that B \ B = {z}. Sometimes
AP spaces are called Whyburn spaces, see for example [22].
Theorem 83.
(1) (Bella and Yaschenko [18]) If X is σ -compact, then Cp(X) is an AP-space.
(2) (Tkachuk and Yaschenko [64]) If Cp(X) is an AP-space, and X is paracompact, then X is Menger.
Say that Z is an APω-space if the deﬁnition of AP holds when restricted to countable sets A. Obviously, a space Z of
countable tightness is AP iff Z is APω . Theorem 83 translates to the following projective version:
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(1) If X is projectively σ -compact, then Cp(X) is an APω-space.
(2) If Cp(X) is an APω-space, then X is projectively Menger.
Proof. (1) Let A be a countable subset of Cp(X) and let z ∈ A \ A. Put C = A ∪ {z}. By Lemma 68 there is a second
countable space Y , a continuous surjection f : X → Y , and a subspace C ′ ⊂ Cp(Y ) such that f #|C ′ is a homeomorphism. Let
z′ = ( f #)−1(z) and A′ = C ′ \ {z′}. Since X is projectively σ -compact, Y is σ -compact and by part (1) of Theorem 83, Cp(Y )
is AP. So there is B ′ ⊂ A′ such that B ′ \ B ′ = {z′}. Put B = f #(B ′). Then B ⊂ A, and since f # is a homeomorphism of Cp(Y )
onto a closed subspace of Cp(X) ([8], Proposition 0.4.6.2) we have B \ B = {z}.
(2) Suppose X is not projectively Menger: there is a continuous surjection f of X onto a second countable space Y
such that Y is not Menger. By part (2) of Theorem 83, Cp(Y ) is not an AP-space: there is a subset A′ ⊂ Cp(Y ) and a point
z′ ∈ A′ \ A′ such that for every B ′ ⊂ A′ , B ′ \ B ′ = {z′}. Since Y is second countable and thus all ﬁnite powers of Y are Lindelöf,
by Arhangelskii–Pytkeev theorem ([8], Theorem 2.1.1) Cp(Y ) has countable tightness. So there is a countable A′′ ⊂ A′ with
z ∈ A′′ . Put A = f #(A′′) and z = f #(z′). Then A is a countable subset of Cp(X) and (again, since f # is a homeomorphism)
z ∈ A while for any B ⊂ A, B \ B = {z}. So Cp(X) is not APω . 
Note that the two properties, “X is projectively Hurewicz”, and “Cp(X) is an APω-space” are between X being projectively
σ -compact and projectively Menger.
Question 85.
(1) Suppose X is projectively Hurewicz. Must Cp(X) be an APω-space?
(2) Suppose Cp(X) is an APω-space. Must X be projectively Hurewicz?
10. Final remarks
This paper contains results of several types:
1. When translation into projective language somewhat clariﬁes a known result (for example, the equivalence of condi-
tions (1) and (5) in Theorem 30 as compared with the classical Theorem 29).
2. When a projective result is parallel to a classical result (for example, Theorem 84 as compared with the classical
Theorem 83).
3. When projective properties provide interesting examples of exotic behavior that do not have parallels in the classical
area of Lindelöf spaces (see, for example, Sections 3.2 and 5.2).
4. When a property turns out to be of projective character, that is X satisﬁes this property iff so do all second countable
continuous images of X (see, for example, Corollary 71).
5. When a projective property of X corresponds to a property of countable subspaces of Cp(X). The ﬁrst example of this
correspondence is Arhangelskii’s theorem that says that X is projectively countable (ω-simple in the terminology of [4]) iff
all separable subspaces of Cp(X) are second countable ([4], see Theorem 2.7.9 in [8]); one can check that “all separable” is
equivalent to “all countable” [41]. The authors believe that more examples of such correspondence may be found in future.
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